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Abstract

-: this is the original as in the proposal. I will revise this as the work gets
wrapped up.

Call-by-value and call-by-name are dual evaluation strategies in programming languages;
when these are mixed in an effectful language, function composition ceases to be
associative, rendering ordinary categories unsuitable for modelling their denotational
semantics. Suitable constructs such as duploids have been studied in previous work,
but in a univalent setting it is desirable to work with “univalent” versions, where
equivalences correspond to identity types. In this work we will study and formalise the

suitable notions of univalence for these constructs using the Rocq UNIMATH library.
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1 HALF-POLISHED Introduction

This dissertation is concerned with the denotational semantics of programming lan-
guages in which composition is non-associative. That is, languages in which valid
programs

let y:= (let z:=e; ine,) in eg (1.1)

and

let z:=e; in (let y:=e, in ey) (1.2)

(where z does not occur free in e;) may compute differently. One way in which such

programs may arise is in the presence of side effects with mixed evaluation order.

To illustrate the effect of evaluation order, consider the program:
let z := (print("hello"); 1) inz + = (1.3)

where evaluating print(v) has the side-effect of outputting v to a console. There are
two canonical evaluations of program 1.3 depending on the choice of evaluation order

for the “let” construct.

Using call-by-name (CBN), we evaluate the expression let x := e; in e, by first
substituting e; for z in e,, and evaluating the resulting expression e; [z := e,]. Using

call-by-name, program 1.3 outputs hellohello and returns 2.

Using call-by-value (CBV), the expression let x := e; in e, computes by first reducing
e, to its value v, and only then substituting that for z into e,, finally evaluating the
resulting expression e, [z := v]. Using call-by-value, program 1.3 outputs just hello

but still returns 2.

So long as all 1et expressions in a language use the same choice of evaluation order

out of call-by-value or call-by-name, composition will remain associative. Combining



call-by-value and call-by-name in a single language exposes non-associative composition.

Let us write

v
let z :=¢; in e, for call-by-value, and

N
let z:=e€; in ey for call-by-name .
Then consider, for an example of non-associativity, the program

let y al (let z L (print("hello"); 1)

(1.4)
in (print("world"); z)) iny+y
of the form in program 1.1, and
v , .
let z := (print("hello"); 1) in
(1.5)

(let y al (print("world"); z) in y +y)

its reassociation as program 1.2. Recall that call-by-name let substitutes the as-
signed expression wholesale into the body, while call-by-value 1let evaluates it first
and then substitutes. Then we can see that evaluating program 1.4 will output
helloworldhelloworld, but program 1.5 will output helloworldworld, and both will
return 2. Thus we have two programs that differ only up to associativity, and yet

compute differently.

It is typical to interpret the semantics of programming languages in categories, but this
breaks down for modelling non-associative computation. Let us consider program 1.1
and program 1.2 to be interpreted in some category € and assign to each expression
e some morphism a ﬂ b. The question of whether program 1.1 and program 1.2

compute differently then amounts, informally,' to the following equation:

(Teals fead )i Teal < eals (Teal s Teal )- (1.6)

However, this is trivialized by the associativity of composition (definition 2.4.4.b) in
any category C. If we wish to take seriously the idea that equations of the form in
equation 1.6 do not necessarily hold, then we must generalize the notion of a category.
In this dissertation, it will be Munch-Maccagnoni’s duploids [17] that generalize and

take the role of categories for modelling non-associative computation.

IThis would normally require extra bookkeeping to keep multiple variables in scope.



For what purpose should we mix evaluation orders? One motivation is that it allows
subsuming the theories of both call-by-name and call-by-value into a single paradigm
such as call-by-push-value [13] (CBPV). The denotational semantics of call-by-push-
value can be modelled indirectly by adjunctions [12], generalizing the widespread use of
monads for the semantics of call-by-value [16]. Duploids fit into the picture by providing
direct denotational semantics for mixed evaluation order, and have a correspondence

with the aforementioned adjunction models [17].

The purpose of this dissertation is to develop the theory of duploids formally in
(a variant of) Martin Lof type theory and from a univalent point of view [19] (see
section 2.1). [N explain UF, briefly? I don’t want to dwell on this too long
in the introduction because it needs too much background, which is what the next
chapter is for.] We? formalize some existing results about duploids within the RocQ
library UNIMATH [8]. Some of this work involves transferring existing theorems over to
a more recent definition of duploids (see remark 3.13). [NOTE: would be really cool
to prove the full “structure theorem” for single-sorted duploids, since that does not
yet exist in the literature.] We define what it means for a duploid 2D to be univalent:
that isomorphisms a = b in 2D (of a suitable kind) render the related objects a,b : D
indistinguishable to the type theory. We show that the original construction of the
duploid arising from an adjunction fails to be univalent, and then provide a novel

construction of the same duploid which s univalent.

1.1 NOTES Outline

Rendered: April 26, 2026

These are my running notes about the structure of this text. Chapters are marked (in
the TOC and their heading) with their completion status:

o NOTES means (rendered) comments from me to the reader of the draft (also

typically me). These are also scattered through the draft as -, -
and INOTE tags, so that the reader knows which parts are incomplete and how.

2Me, my notebooks, and my proverbial rubber duck.



TODO means that the section has not been written, or at least is not yet structured
in a way that is actually coherent. Paragraphs may need to be rewritten or moved

to different sections.

VERY-ROUGH and ROUGH mean that some content exists and is intended to

be legible, but content may be lacking and some things might not be coherent.

HALF-POLISHED means the section is intended to be comprehensible as-is to

the target audience.

“DONE” may happen in the future.
This is the running intended structure of the text:

o Introduction [3/5]
X Non-Associative Computation

X Explain how non-associative computation arises, especially by mixing

evaluation order.

X Point out how non-associativity makes categories unsuitable, and the

existing solutions of adjunction models and duploids.
X Tie back to the project.
U Univalence

[0 Explain the motivations for equivalence-invariance, especially for pro-
gramming language semantics (we are masquerading as a CS paper,
after all).

X Summary of main results
O Overview (you are here)

* I will replace (and considerably shorten) this with prose nearer the end

of writing.
o Background [1/2]
X Preliminary Type Theory
X Notations and conventions I will use for type-theoretic constructs.

O Univalent Categories and Reflexive Graphs


https://en.wikipedia.org/wiki/Much_Ado_About_Nothing

(] Definition of category in UF.
[J Definition of univalence.
[ Reflexive graphs.
0 Univalence of categories with extra structure.
O Motivation for why assume hom-sets? (i.e. why Cat is not a category)
o Univalent Duploids (title TBD) [1/3]
X Unital Magmoids [4/4]
X Definition of unital magmoids
K Definition of linearity /thunkability/(intermediateness)/polarities.
X Polarized subcategories (1inear_category).
* Conditions for uniqueness of inverses inverse_unique_linear?
* Isos of unital magmoids?

X Linear-and-thunkable isomorphisms 1t_iso, intermediate isomorphisms?
(intermediate_z_iso_interpose); preserving polarities (is_positive_-

of _1t_iso).

* Natural transformations? (If we get on to the 2-category of Duploids

properly)
B Duploids [3/11]
X Definition of preduploids

X Polarization property has_polarities (makes all linear-and-thunkable
isos intermediate preduploid_lt_iso_is_intermediate) — maybe de-

fer to univalence section.
X Definition of duploids

U] Polarity shifts has_polarity_shifts and its universal property negative_ -

lift.

[J Unique up to linear-and-thunkable isomorphism.


https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/UnitalMagmoids/Subcategories.v#L47
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/UnitalMagmoids/Isos.v#L36
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/UnitalMagmoids/Isos.v#L334
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/UnitalMagmoids/Isos.v#L509
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/UnitalMagmoids/Isos.v#L531
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/UnitalMagmoids/Isos.v#L531
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Core.v#L246
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Isos.v#L32
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Core.v#L218
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/ShiftFacts.v#L411
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/ShiftFacts.v#L411

x It would be nice to have a good Yoneda’s lemma for unital magmoids,

which would subsume this.

0 Characterization of thunkability and linearity in terms of polarity shifts

is_linear_iff force_unwrap.

[J Characterization of positive and negative objects is_linear_ wrap_of -

positive.
[J The adjunctions within a duploid.
0 Single vs. two-sorted duploids.
0 Syntactic subcategories chosen_positive_category

(1 Equivalence of syntactic subcategories to the semantic ones adj_-

equivalence_chosen_positive_to_positive.

O The duploid arising from an adjunction (to which I gave the name

“oblique duploid”)

O First part of the structure theorem (every two-sorted duploid is

isomorphic to the oblique duploid on its shifts).

O Relate to associative computation? E.g. (later) the oblique duploid
subsumes kleisli categories and offer an explanation and resolution

for their non-univalence.
[J The equalizing requirement.
O Univalence of Duploids [0/5]
[J Statement is_duploid_univalent.
(1 Explanation and justification.
[0 Split duploid univalence? [2]

[0 Potentially relate to and mention points from Levy’s contextual

isomorphisms paper, or defer this to related work.

[0 Characterization is_univalent_linear_and_thunkable_ from_positive_-

thunkable_and_negative_linear_categories.

0 Consequence: shifts become property: isaprop_has_polarity_shifts.


https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Core.v#L416
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Core.v#L437
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Core.v#L437
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/TwoSorted.v#L369
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/TwoSorted.v#L448
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/TwoSorted.v#L448
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Univalence.v#L40
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Univalence.v#L443
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Univalence.v#L443
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Univalence.v#L136

[ Consequence: equivalences of duploids are “isos” is_duploid_equivalence,

weq_duploid_equivalence_catiso.

[0 Characterization of univalence duploid_to_linear_and_thunkable_ -

category_rxgraph_iso.
o The Univalent Duploid arising from an Adjunction [0/2]
U] Failure of univalence for the oblique duploid.
* e.g. the identity adjunction on a nonempty category.
[J Envelope duploid
0 Definition of the envelope duploid envelope_duploid.
[ Equalizing requirement and its characterization.
[J Univalence of the envelope duploid is_univalent_envelope_duploid.
[0 All duploids arise from an adjunction up to equivalence of duploids.
+ Related Work [0/1]

[J I made the grave mistake of not taking notes on all the papers as I read
them. You might think I would have internalized this during my reading
courses from Michaelmas, and you would be wrong. I will endeavour to fill
this chapter with notes (probably not rendered) and then reformat to prose

over time.

e (Summary and) Conclusions
— Will write once done.

e Leave longer proofs to the appendix?


https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Functors.v#L518
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Univalence.v#L259
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Univalence.v#L376
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Univalence.v#L376
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Envelope.v#L621
https://github.com/eutro/UniMath/blob/duploids/UniMath/CategoryTheory/Nonassociative/Duploids/Envelope.v#L1642

2 ROUGH Background

2.1 ROUGH Preliminary Type Theory

This dissertation consists of an English language discussion about a body of mathematics
that takes place in the formal language of homotopy type theory. The theorems,
definitions, and proofs are presented in ordinary mathematical English, but they are
also assigned meaning as types and terms in the language of homotopy type theory. In

this section I explain some notation and terminology I will use throughout.

Some knowledge of homotopy type theory and univalent foundations is recommended for
readers, as it is necessary to understand the motivations and main results. A sufficient
introduction to univalent mathematics as a whole has been written by Grayson [7]. For
textbook accounts, I suggest Rijke’s Introduction to Homotopy Type Theory [18], or the
well-known HoTT Book [19]. Though insufficient for understanding this dissertation,
Escard6 has a concise self-contained introduction to the univalence axiom itself [5].

Knowledge of basic dependent type theory is assumed from here on out.

As documented in the UNIMATH [8] repository, we work in Martin-Léf type theory
[15] with intensional identity types. Write []  E[z] for dependent products, and
>..p Elz] and for dependent sums; A x B for binary products, and A]] B for binary

sums; A — B for non-dependent function types.

Identification Types

Perhaps the most important aspect of univalent foundations is its treatment of equality
between two two terms a,b : A or types A, B type. There are two distinct notions of

equality in Martin-Lo6f type theory.



The first notion is judgemental equality, written A = B type for types, a = b : A
for terms, or simply a = b for either. Judgemental equality is symmetric, reflexive,
transitive. It is also respected by all judgements: assuming judgemental equality
a = b, the type or term a can be substituted throughout for b during type checking.
Judgemental equality includes computation (“beta”) rules: for example (Az : B,a) b =
alx :=b] : E[b] for b : Band x : B+ a: E[z]; and uniqueness (“eta”) rules: for example

f=Qz:B,fz):]]_,Elz]

def
Judgemental equality also includes definitions: xyz = a : A implies xyz = a : A. Using

the computation and uniqueness rules, we may write definitions in an implicit form, so

that a need not be given explicitly. For example, the function

curry : H N—-N-—=N
f:NxN—>N

may be defined equivalently either in “closed form” as

cury EMf z y, f (2,9), (2.1)

or “implicitly” as
def
curry fzy = f (z,y). (2.2)

The judgemental equation 2.2 follows from equation 2.1 by computation rules, and the
uniqueness of equation 2.1 as defining equation 2.2 follows by the uniqueness rules. It

is left for the reader to infer the closed form of any implicit definition.

Judgemental equality is a judgement, not a type. Due to this, theorems in expressed in
univalent foundations may not talk about judgemental equality. Instead, Martin-Lo6f
type theory includes a second notion of equality: the identification type. For any type
A and terms a,b : A, the identification type is written a =4 b or simply a = b. A term
p:a =4 b of identification type is sufficient to render a and b indistinguishable within

the type theory using identification induction as discussed below.

The identification type comes equipped with a constructor refl, : a =4 a. Judgemental
equality implies identification, in that a = b : A gives refl, : @ =4 b. The converse,
p:a =4 bimplying a =b: A, is called equality reflection; its absence is the marking

characteristic of “intensional” dependent type theory.

Instead of equality reflection, the identification type permits identification induction. To



define a function f: [] A 1. y E[xz,y, z], we need only define the case f x x refl,, :
T,y: ZiT=4

E[z,x,refl ). This is justified by the eliminator J | with term formation rule

z,y,z. E[z,y,z

pia=4b r:[]  Elz, zrefl]

(2.3)
J:v,y,z.E[:c,y,z] (p7 7’) : E[a7 bap]

and computation rule

r:]l, Elz,z,refl,]

. (2.4)

mey,z-E[x,y,z](reﬂaa r)=ra: Ela,a,refl,]

When identification induction is used, it is left for the reader to reconstruct the closed-
form term using J. More typically, given p : a =4 b we will informally use substitution
to replace occurrences of a with b or vice-versa, particularly when the specific p is not

relevant.

Propositions, Sets, and Groupoids

A type A is a proposition when there is a chosen a = 4 b for any a, b : A. Intuitively, being
a proposition captures the idea that the specific element obtained of A is irrelevant. A
is contractible when it is a proposition and has a chosen base point pt : A. Equivalently,
A is contractible when there is a chosen base point pt : A and pt =4 a can be derived
for any a : A. A type A is a set' when a =, b is a proposition for all a,b : A; a
1-groupoid when a =4 b is a set, and generally a (k + 1)-groupoid when a =4 b is a

k-groupoid.

As examples, the empty type empty is a proposition, the unit type unit is con-
tractible. The booleans bool and naturals N are both sets but not propositions. All
propositions are also sets, all sets are also 1-groupoids, and all k-groupoids are also
(k + 1)-groupoids.

Write iscontr(A), isaprop(A) and isaset(A) for the types of A respectively being
contractible, a proposition, and a set. Assuming function extensionality, it can be

proven that these are propositions.

As a special case, when A is a dependent sum A =} E[z] we shall write 3!z : B, E[x]

for iscontr(3__ . Elz]). Using this notation, given a function f: A — B, we write

IThis is orthogonal to concerns about size.

10



ef
isweq(f) & Hy:B dlz : A, f x =5 y for the type of f being an equivalence. Write

: , def '
A ~ B for the type of equivalences, that is A ~ B = Zf:A%B isweq(f).

Sometimes the data of a type (which need not be a proposition) A is not so important,
only whether it is inhabited. Or to use set-theoretic terminology, whether such an
element ezists. The propositional truncation of A, written |A|, is the proposition which

captures this idea. It comes with a constructor

t: A

(2.5)
2] - Al
and for any proposition P an eliminator
h:|A :A— P
411 )
uP(h7 f) : P
satisfying
t:A f:A— P
(2.7)

up(ftl, fl=ft:P
When A is adependent sum A =3, E[z], we shall write 3z : B, E[z] for HZ:’;:B E[x] H

Universes

A universe (U, El) is a type U along with, for each element A : U, an interpretation
El(A) type. For a universe U, we say that a type A is U -small if there is an element
code(A) : U such that El(code(A)) = A type. By contrast, a type is large with respect
to some universes U, U’ ... when it is not small in any of them. We shall typically omit

El and code, so that A : U implies A type, and vice-versa when A is U-small.

A univalent universe is a universe I/ where the canonical map

id_to_weq: |[ (A=y B) - (A=~B)
A,BU (2.8)
id_to_weq A A refl, o id 4

given by identification induction is an equivalence for all types A, B : U. For a given

universe U, the univalence axiom states that U is univalent. In short, the univalence

11



axiom states that the identifications A =;, B between two types are characterized by

the equivalences A ~ B between those types.

The type of equivalences between types, say bool =~ bool, is not in general a proposition.
Thus, the univalence axiom notably provides a way of constructing identifications which
are provably not identifiable with refl. This property is perfectly consistent with J [9];
indeed there are models including the univalence axiom that are as consistent as ZFC

with some strongly inaccessible cardinals [10, 11].

We will at times the existence of a tower of universes U, U{;, --- closed under all the type
constructors mentioned so far. These are such that each U/}, is U, ;-small. Moreover,
we assume the universes are cumulative, if A : U}, then A : U, for any k' > k. We will
need only the first three universes’. We shall explicitly mention the univalence axiom
when assumed. UNIMATH further assumes a propositional resizing axiom,® but we will

not be using it explicitly.

Further Conventions

Table 2.1 describes English language examples and their type-theoretic interpretation.
In particular, I use a propositionally truncated interpretation of “there exists” and
“or,” for similarity with set-theoretic mathematics. In addition to the informal English
language interpretations, the final column suggests topological interpretations. These
may be realized more formally by models such as Voevodsky’s in simplicial sets [10,

11].

Convention 2.1. I use upper case for types (4, B,C, E, P), calligraphic font for cate-
gories and the like (C, D, NV, ), lower case for objects and morphisms within categories
(a,b:C, f,g:a—b), upper case for functors (F,G,H : € — D), and Greek letters for

natural transformations (o, 8 : F' = G).

Notation 2.2 (infix). Where a type contains a binary operator such as —, =, or =~

I
we may use the infix notation a — b to mean f : a — b. Sharing expressions in such

infix notation, as in ¢, z iy Z t5, denotes the independent judgements p : t; = ¢, and

2-: I think? Assuming all our duploids are 2/y-small and therefore live in 2, the largest type
we use is the (U,-small) reflexive graph of ¢ -small reflexive graphs.

3For technical and historical reasons, UNIMATH asks ROCQ not to check universes, and so has & : U.
As such, checking universe levels is the responsibility of us humans.

12



Table 2.1: Interpretations of mathematical English. E[z]| denotes a type indexed by
x, and P denotes a proposition.

Mathematical English Homotopy Type Theory Topology
Utterance Judgement Interpretation
description of a type as below A type A is a topological space
desc. of a type mentioning x : B z : B+ E[z] type E is a fiber bundle over B
description of a term tort: A te A
t;:Aisty: A ti =t A t; =1,
let x be an A z: 4 let x € A
assume P hi P assume P
Definition zyz is t : A. Xyz &of t: A Xyz defy
Theorem P. Proof. t. (I t: P te P
[pair/triple/... of] = : B, E[z] > .5 Elz] the total space E
z : B such that P[z] > .. Plzl subspace
{z € B| P[z] inhabited}
function A to B A — Bor Hm:A B function space A — B
for all z : B, E[z] I1,.5 El=] or V2 : B, E[x] sections of E — B
A is a proposition isaprop(A) A is contractible-if-inhabited
there exists a unique A iscontr(A) A is contractible
there exists a unique x : B such iscontr(}_  , Plz]) or
that P[z] Jlz : B, Plz]

there exists A |All (propositional truncation) A is inhabited

there exists = : B such that P[z] HZ;E:B P[m]” or 3z : B, P[x]

A is a set isaset(A) A is a homotopy 0-type
t, : A and t, : A are identified ty =4ty path space t; to t,
(if Aisaset) t; : Aand ty: A t1 =4 to path space t; to tq
are equal
either A or B AllB disjoint union of A and B
Aor B AV Bor |A]I B
f: A — B is an equivalence isweq(f) or f is a homotopy equivalence
[1,,3%: A f=) =5y
A and B are equivalent A=~Bor ), FASB isweq(f) A and B are homotopy

equivalent

13



q : ty = t5. It may additionally denote the appropriate composition of p and ¢ of the
type t; = t3 too, depending on the context.

Convention 2.3. When a theorem or definition has been formalized in UNIMATH ,
we shall write the name of its definition in monospace font, hyperlinked to the file
and line number in the UNIMATH repository, such as “a category (category) is ..” In

anonymized versions, these links will necessarily be broken.

2.2 VERY-ROUGH Univalent Categories and Reflexive
Graphs

Beyond the foundation of mathematics in which we work, the content of this dissertation
is about non-associative generalizations of categories. Namely Munch-Maccagnoni’s
duploids [17]. Before we can talk about duploids, we ought understand categories in the
context of univalent foundations. In the process, we shall use the gadget of reflexive
graphs to reason more generally than just categories; this will set us up for thinking

about duploids later on. This section is dedicated to those topics.

The authoritative paper on categories in univalent foundations is by Ahrens et al. [1],
whose formalisation in ROcCQ is today part of UNIMATH . An expanded version of that
paper is included as Chapter 9 of the HoTT Book [19]. The development has since
diverged from the paper: we use the names “category” and “univalent_category”

for what used to be “precategory” and “category” respectively.

Let us begin with a definition of categories in univalent foundations.

Definition 2.4 (category [1]). A category € consists of the following:
1. A type of objects, written ob € or just C.

2. For each pair of objects a,b : C, a type of morphisms from a to b, written C|[a, b]

or a — b.
a) C has hom-sets: each C[a,b] is a set.

3. For each object a : C, a distinguished identity morphism id, : C[a, a].
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f g
4. A composition operator ; assigning to each pair of morphisms a -+ b — ¢ a

9
composite a — ¢ such that:
f
a) Composition is unital: for a — b we have id_; f = f and f;id, = f.

f
b) Composition is associative: for a — b % ¢ 2 4 we have fi(g;h) = (f;9);h.

Most of definition 2.4 will be familiar to a mathematician who has come across categories.
Indeed, putting aside the hom-set law for now (definition 2.4.2.a), one obtains the
familiar set-theoretic definition by substituting “class” for “type” in the definition of

objects and morphisms. We shall come back to the hom-set law later.

Definition 2.5. Let I be a universe. We say that a category € is U -small if the types
ob € and C[a,b] (for all a,b : €) are U-small. A category is large with respect to some

universes I, U’, ... when it is not small in any of them.

It is well-known that in a category €, the correct notion of “sameness” between two
objects a,b : € is isomorphism a = b, and not (necessarily) the foundations’ notion of
“equality” a = b. In set-theoretic foundations, equality is overly restrictive: there may
be objects a = b that are not equal,* and there may be isomorphisms a = a that are
not the identity.” In univalent foundations, the type of identifications a =,, » b may
very well correspond to isomorphisms a = b. A univalent category is one where they
do.

Definition 2.6 (is_univalent [1]). Let € be a category. Then there is a canonical

map from identifications to isomorphisms

id_to_iso: H (a =g, e b) = (a=2b)
a,b:ob € (29)

. . def |
id_to_iso a a refl, = id,

defined by identification induction (reminiscent of equation 2.8). The category € is

univalent if id_to_iso a b is an equivalence for all a,b : C.

4Say, the sets {0,1} and {1, 2}.
5Say, the set B under boolean negation.
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Example 2.7 (HSET_univalent_category). Let & be a universe with function exten-

. . . . def def

sionality. There is a large category Set,, whose objects are sets ob Set,, = hSet; =
def

>~ 1y isaset(4), and whose morphisms are functions Sety [(A, hy), (B, hp)] = A —

B. The isomorphisms (A, h,) = (B, hg) correspond to equivalences A ~ B. Thus,

Set,, is univalent if U is.

Remark 2.8. We could consider hSet;, itself as a universe. Then Set;, is univalent if

and only if hSet;, is.

As an extension of the above, it was shown by Coquand et al. [4] that the univalence

axiom extends to a “large class of algebraic structures,” such as Mon and Ring.

There is a similarity between univalent categories (equation 2.9) and univalent universes
(equation 2.8). Both involve a type A (U and ob €) and a type family a ~ b indexed
by a,b: A (~ and =), along with a reflexivity datum id, : a ~ a for every a : A. We

call this data a reflexive graph.
Definition 2.9. A reflezive graph G (rxgraph) consists of:
e A type of vertices, written vertex G or simply G.

o For each a,b: G, a type of edges, written a ~g b or simply a ~ b.

e For each a: G, an edge rx, : a ~ a.

Definition 2.10. Let G be a reflexive graph. Define the canonical map

id_to_edge : H (a=gb) = (a~Db)
a,b:S (2.10)
def
id_to_edge a a refl, = rx, .
The reflexive graph G is univalent (is_rxgraph_univalent) if id_to_edge a b is an

equivalence for all a,b: G.
Example 2.11. Any universe U can be considered as a reflexive graph with vertices

U, edges the equivalences ~, and reflexivity the identity equivalence. By definition, the

universe U is univalent precisely when this reflexive graph is.
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Example 2.12. Any category € can be considered as a reflexive graph with vertices
ob €, edges the isomorphisms =2, and reflexivity the identity morphism. By definition,

the category C is univalent precisely when this reflexive graph is.

The hom-set law (definition 2.4.2.a) is a curiosity, however: it is an extra obligation
that must be proven before one can speak of a given category. Perhaps the best way
to see its significance is by the non-example of a category Cat, consisting of (small)

categories and functors between them.

Definition 2.13. A functor F between categories € and 2, written € — 2, consists
of:

1. A mapping on objects £, : ob € — ob D.
2. For all objects a,b : ob €, a mapping on morphisms F; : C[a,b] — C[F, a, F, b].
3. F preserves:
a) Identities:
ida idFOa
Fla—a)=Fa——EFa
for all a: C.
b) Composition:
f g K f F g
K (a—>b—>c> =Fa——FKb—Fc
f
foralla—)bicin@.

Both F) and F| may simply be written F'

def
Lemma 2.14. If the universe U, is univalent, the type hSet =

Uy-small sets is not itself a set.

A, isaset(A) of

Proof. The type bool is a set (isasetbool), so we have (bool,isasetbool) : hSet.
We need only find two identifications p, q : (bool,---) =, (bool,---) which are not
themselves identified. By univalence of U, we need only find two equivalences bool =~

bool which are not identified. Namely, we have the identity equivalence id,,,; and

boo

negation negb. O]
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Corollary 2.15. Assume the universe U, is univalent. Let Set be the U, -small category
whose type of objects is hSet and morphisms are functions (hset_category). Let 1 be
the U, -small terminal category. The type of functors 1 — Set, equivalent to hSet, is

not a set by lemma 2.14.

Corollary 2.16. Assume the universe U, is univalent and includes bool. There is no
(large) category Cat of U;-small categories and functors. As witnessed by Set above,
it is precisely the hom-set law that fails (definition 2.4.2.a), since functor types are not

sets in general.

This is a symptom of a problem familiar to the category theorist. When talking about
two functors F,G : € — D being “equivalent,” the correct notion is mot that the
functors map the objects a : € to “on-the-nose” identical objects Fa,Ga : D. Rather,
the correct notion is that Fa and Ga must be isomorphic naturally in a. Evidently
there is more than one natural isomorphism from the functor 1 E Set to itself, we
gave them in the proof of lemma 2.14! In this way, univalent foundations forces us to

confront the fact that Cat is not a 1-category, but a 2-category.

Remark 2.17 (functor_data_eq). Let F,G : € — 2D be functors. Identifications

p: FF = G are in correspondence with pairs of a homotopy on objects
po: [ Fo(a) = Go(a)
a:C
and another on morphisms

v T T mola) = (mof®) = (B0) =5 B®)) = Gola) = Golo).

a,b:C f:a—b

f

Convention 2.18. I will typically write composition of morphisms and functors a —
g

b — ¢ in diagrammatic order as f;g (f - g in the UNIMATH formalization), and

in applicative order as g o f or by juxtaposition gf. In particular, for functors
F G
C — D — &, we have that GF denotes G o F', so that GFz = G(F(z)).
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3 VERY-ROUGH Univalent Duploids

NOTE : it is somewhat unclear how much of this I should include in “background”,
and how much in the “body”? The importance of the concern is which parts are
“original” theorems/proofs/definitions, and which ones are imported. I think I will

keep most of it in the “body,” since they would be difficult to separate.

3.1 ROUGH Unital Magmoids

Definition 3.1. A unital magmoid or non-associative category [14] (unital_magmoid)
is a generalization of a category that need not be associative (definition 2.4.4.b).
More generally, a reflerive graph' (rxgraph) is a category that omits composition
(definition 2.4.4) entirely and need not have hom-sets (definition 2.4.2.a). For exposition
only, these can further be generalized to magmoids and graphs' respectively by omitting

identities (definition 2.4.3, 2.4.4.a) entirely. These are summarized in table 3.1.

NOTE: I introduce reflexive graphs for the purpose of giving a name to funtors-that-
preserve-only-identities, but I am not sure how to recast their purpose as a tool for
looking at univalence of duploids and categories. This will likely materialize once I

write the background chapter for univalent categories.

We import any definitions of structures in and on categories for unital magmoids
and reflexive graphs directly, as much as they are well-defined. As such, a unital
magmoid functor is a mapping on objects and morphisms that preserves identities and
composition; a reflexive graph functor need only preserve identities, and a graph functor

need preserve neither. A natural transformation F = G between (unital) magmoid

LOur “graph” is similar to what others may call a “quiver” or “directed multigraph.”
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Table 3.1: Attributes of category-like structures.

Attribute Structure
Category | Unital Magmoid | Magmoid | Reflexive Graph | Graph

Objects v v v v v
Morphisms v v v v v
Hom-sets v v v X X
Identities v v X 4 X
Composition v v v X X
Unital v v N/A N/A N/A
Associative v X X N/A N/A

functors F, G : M — M’ is still a family of M’-morphisms «, : M'[Fa,Ga] such that

the naturality square

a Fa L5 Fp
Vfl aa\L io‘b (3'1)
b Ga G—f> Gb

commutes.

The failure of associativity causes many imported notions to become weaker in unital
magmoids, however. For instance, the imported notion of composition for natural
transformations defined componentwise is ill-defined in general as it fails to preserve
equation 3.1. The hom-set functor M-, -] : M°P x M — Set is only a reflexive graph
functor, because it does not necessarily preserve composition of morphisms in either
argument. Moreover, the imported notion of isomorphism a = b becomes too weak to
render the related objects indiscernible to M as they would in an associative category,

which I will make precise in definition 3.14.

Many theorems about categories which fail to generalize to unital magmoids can be

salvaged by hypothesizing associativity for certain special cases.

Definition 3.2 (is_thunkable, is_negative, .. [17]). We say that a path of mor-

phisms
fl f2 fn
Ay — Q] — Ay —> =+ —> Ay —> G, (3.2)

in a unital magmoid associates when all ways of parenthesising their composite
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f g h
fi; fa3-+5 f,, are equal. In the simplest case, a triple of morphisms a -+ b — ¢ — d

associates if and only if we have f;(g;h) = (f;9); h.
We say that:

f is thunkable when all triples (f, g, h) associate.

h is linear when all triples (f, g, h) associate.

o g is intermediate when all triples (f, g, h) associate.

o b is (semantically) negative when all morphisms into b are thunkable.
o c is (semantically) positive when all morphisms out of ¢ are linear.

This is depicted pictorially in figure 3.1.

Notation 3.3. When a path of morphisms as in equation 3.2 is known to associate, we

will freely write its composite without parentheses as f;; fy;---; f,,- Occasionally, we will

use the diagram a, SN a, SN ay — -+ — a,_; — a, itself to denote the composite.

Remark 3.4. It is easy to see that thunkability/linearity and negativity/positivity
are dual, while intermediateness is self-dual. This is in the usual sense that being
thunkable in some unital magmoid € is the same as being thunkable in €°P, and being

negative in € is the same as being positive in €°?, up to inversion of the identification

fi (g h) = (f;9); b

OB the names “linear” and “thunkable” are due to Munch-Maccagnoni’s [17]
observation that the associativity conditions coincide with the existing notions of purity

by e.g. Fithrmann, and that the polarities correspond to polarization in logic.

intermediate
thunkable linear
‘ \
a—Jsb sty

\ \
negative positive

Figure 3.1: The triple (f, g, h) associates whenever any of the labelled properties
holds.
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MGBc—»Ml«\

ME —» My, «— M7
\»M > M

Figure 3.2: Inclusion functors between the subcategories of a unital magmoid M.
The double arrow head (—) means full, and the hook (<) means faithful.

Example 3.5. In any unital magmoid, the identity morphisms are thunkable, linear,
and intermediate by unitality (definition 2.4.4.a). Composites of thunkable, linear, or

intermediate morphisms are also thunkable, linear, or intermediate respectively.

Definition 3.6 (linear_category, positive_category, ..). Let M be a unital mag-

moid. M has the following subcategories.

o The linear subcategory M, by restricting to linear morphisms.
e The thunkable subcategory M, by restricting to thunkable morphisms.
o The intermediate subcategory M, by restricting to intermediate morphisms.

o The linear-and-thunkable subcategory M, by restricting to linear-and-thunkable

morphisms.

e The negative subcategory M®: the full subcategory of semantically negative

objects.
o The positive subcategory M®: the full subcategory of semantically positive objects.

« The negative-linear subcategory Mp: the full subcategory of M, of semantically

negative objects.

o The positive-thunkable subcategory MP: the full subcategory of M® of semanti-

cally negative objects.

By the property of polarization, all morphisms of M®© and ]V[le are automatically
thunkable, and all morphisms of M® and M are automatically linear. Figure 3.2

depicts the inclusion functors between the subcategories.
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Notation 3.7. Let a,b : M be objects in a unital magmoid M. We may write the
subscripts from definition 3.6 onto the binary operators a — b (morphisms) or a = b
(isomorphisms) to denote that the morphism or isomorphism resides in the corresponding
subcategory of the unital magmoid. For example, a —; b denotes a linear morphism;
a =2, b denotes a linear-and-thunkable isomorphism: an isomorphism which is linear-

and-thunkable, and has a linear-and-thunkable inverse.

-: this is where I should talk about isomorphisms, or after preduploids maybe?

Lemma 3.8 (is_positive_of_lt_iso). In a unital magmoid M, let a,b : M be
objects and p : a =, b be a linear-and-thunkable isomorphism. Then a is positive if and

only if b is positive, and a is negative if and only if b is negative.
Proof. Without loss of generality, we need only prove that a being positive implies that

b is positive. By definition, this is that for any object ¢, any morphism f : b — c is

linear. We have

which is linear because p~! is linear and a is positive. O

Lemma 3.9 (intermediate_z_iso_interpose). In a unital magmoid M, leta,b,b’, c :

M be objects and p : b =2, b’ an intermediate isomorphism. Then the equation

f
(fip); (0 Y;9) = f; g holds for any a — b Ze.

Proof. We have
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3.2 ROUGH Duploids

Definition 3.10 (preduploid [3]). A preduploid (or single-sorted preduploid for empha-
sis) is a unital magmoid such that each object is semantically negative or semantically

positive.

Lemma 3.11 (preduploid_1t_iso_is_intermediate). Every linear-and-thunkable

isomorphism p : a =, b in a preduploid D is intermediate.

Proof. By the preduploid property (definition 3.10), we have that a is negative or
positive. If it is negative, then p is automatically intermediate. If a is positive, then b

must be positive by lemma 3.8, and so p is automatically intermediate. O]

Definition 3.12 (duploid). A duploid (or single-sorted duploid) is a preduploid D
equipped with polarity shifts:

1. (has_negative_shifts) For every object a : D,
a) its upshift, a semantically negative object written fta : D,
b) a linear morphism force, : fta — a,
c) a linear inverse for force, called delay :a — fa.

2. (has_positive_shifts) Dually, for every object a : D,
a) its downshift, a semantically positive object written {a : D,
b) a thunkable morphism wrap, :a — la,

c¢) a thunkable inverse for wrap  called unwrap_:a — a.

Remark 3.13. The above definitions make the polarities in a (pre)duploid be a property
on unital magmoids, rather than structure. This differs from the original construction
[17] which defined (pre)duploids in terms of separate negative and positive categories,
with additional mixed composition operators, or as explicit structure. I therefore call
the (pre)duploids from the original definition two-sorted (pre)duploids to distinguish
them from the single-sorted (pre)duploids defined above. It is not always immediate
how the theorems of single-sorted (pre)duploids transfer over to their single-sorted

counterparts, and some of this dissertation consists of developing this theory.
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We subsume two-sorted (pre)duploids into the theory of single-sorted (pre)duploids by
considering them as extra structure on a single-sorted (pre)duploid. A split preduploid
(split_preduploid) is a unital magmoid 2 equipped with a chosen polarity mapping
w:ob D — {6,®}. We say that an object a is syntactically negative if w(a) = © and
syntactically positive if w(a) = @, and require that every syntactically negative/posi-
tive object is also semantically negative/positive respectively. If D is a single-sorted
duploid and a split preduploid, then 2 is a split duploid (split_duploid) when fta
and |la are also syntactically negative and positive respectively. The original two-sorted
duploids are precisely the split duploids where f} and | are trivial (identity-on-objects
and wrap/unwrap/force/delay identities) for syntactically negative and syntactically

positive objects respectively.

-: Mention that this is a universal property? Probably derive how we can even

get there from this definition. Should probably ask Eléonore or Guillaume as well.

An important result of duploids is their correspondence with adjunctions satisfying an
equalization property [17] (NOTE : and adjunction models for CBPV in particular,
which generalize adjunction/monadic models for CBV/CBN...). Every adjunction gives
rise to a duploid, in the manner that we shall construct in chapter 4. Moreover, every
duploid arises from an adjunction; up to isomorphism for two-sorted duploids, and up

to (weak) equivalence for single-sorted duploids.

3.3 TODO Univalence of Duploids

-: I'm not really sure how to get into justifying the univalence condition for
duploids nicely. I should probably revisit this once the univalence background chapter

is written (and move some stuff from here to there).

Definition 3.14. Let G be a reflexive graph. We call § univalent (as a reflexive graph)
(is_rxgraph_univalent) if for all morphisms e : G[a,b], any property of e, or type
indexed by e, can be derived “by induction on e” from the case where a = b and

e = id,. Type theoretically this suggests, given a type family Fla,b,e] indexed by
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a,b: G e: G[a,b], the inference rules:

t: Ela,a,id,] e:3G[a,b]
Indg(t,e) : Ela,b,e]

t: E[a, a, ida]
Indldg(t) : Indg(t,id,) =pa g, t-

Remark 3.15. A more convenient definition of the above is that a reflexive graph § is
univalent if
id_to_edge a b: (a =4 b) — G[a,b]

defined by identification induction as

def
id_to_edge a a refl, = id, .

is a weak equivalence for all a,b: G.

NOTE : I believe there may be universe size differences between the two definitions,

but I have been ignoring size issues and intend to keep doing so.

Example 3.16. Every univalent reflexive graph with hom-sets (definition 2.4.2.a) is a

groupoid under pasting of identifications modulo id_to_edge.

Definition 3.17. When a reflexive graph has extra structure, univalence as a reflexive
graph is typically too strong a condition. For example, a category which is univalent as
a reflexive graph would have to be a groupoid by example 3.16. Instead, it makes sense
to consider some subset/subtype of the morphisms, and ask for the sub-reflexive-graph
containing those to be univalent. We call the morphisms in this sub-reflexive-graph the

indiscernibilities.

Example 3.18. The indiscernibilities of a category € are its isomorphisms. Thus, € is
univalent (as a category) [1] (is_univalent) when the subcategory of €’s isomorphisms
is univalent as a reflexive graph. Every category is weakly equivalent to a univalent

category [1].

@@ motivate the usefulness of indiscernibility induction?
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The induction principle from definition 3.14 can also be used “backwards” to infer what
properties the indiscernibilities in a univalent reflexive-graph-with-extra-structure must
have. In a univalent category C, indiscernibilities p : C[a, b] must be isomorphisms,

since we can find the inverse

p~: C[b,d]

by induction on p as

. —1 def .
id,” =id, .

Any additional structure on top of the category must be respected too. An indiscerni-
bility p : C[a,b] in a univalent dagger category € (whatever that may be) must have
that

p' =epa P

since by induction on p and functoriality of the dagger we have

idl =id =id '.

a a a

Remark 3.19. Using this reasoning, we can deduce from example 3.5 that the indis-
cernibilities of a unital magmoid M must be linear, thunkable, and intermediate, and

have an inverse which is linear, thunkable, and intermediate.

NOTE : Ahrens et al. [2] provide a general procedure for fully determining what the
indiscernibilities ought to be. Unfortunately I have yet managed to fully intuit the

procedure itself.

Lemma 3.20. Given a single-sorted preduploid D, the following are equivalent:

1. D is univalent.

2. The linear-and-thunkable subcategory Dy, is univalent.

3. The subcategories D and DP are univalent.
Proof. (1 <» 2): 2 is just a restatement of what it is to be a linear-and-thunkable
isomorphism.

(2 — 3): the inclusion functor D® — 2, is fully faithful, so in particular the isomor-

phisms a 2P b in D® are precisely the isomorphisms in a 2, b in D,.
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(3 — 2) (is_duploid_univalent_from_positive_thunkable_and_negative_linear_-
categories): we show that for any a : 2D the fan Zb:D a =, b is a proposition. By the

preduploid property, assume that a is positive. Then fans Zb: P b are equivalent

a =% b by lemma 3.8. The latter type is a proposition by assumption.

to fans 3°, .
U

The case is dual if a is negative instead.
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4 TODO The Univalent Duploid arising

from an Adjunction

-: part of this will need to be merged with the construction of the oblique
duploid, potentially in the previous chapter?

Let L:? — N and R : N — P be functors taking part in an adjunction L 4, . R

with unit 7 and counit €, variously written

L
L_i(,me)R:N—)? or .7)11; N

One way to view such an adjunction is as an isomorphism of sets
Pp,n
N[Lp,n] =" P[p, Rn] natural in p : P°°P and n : V. (4.1)

Explicitly, ¢ may be given in terms of n and € as

f def " Rf
©pm(Llp —n) =p— RLp — Rn (4.2)
1 9 def Lg €n
Opm(p— Rn) = Lp — LRn —n . (4.3)

Following Levy [12], we may call the morphisms on either side of ¢ (4.1) the oblique

morphisms, adopting the following definition.

Definition 4.1 (oblique_mor). Let ¢, ,, : N[Lp,n] = P[p, Rn] be the natural iso-
morphism witnessing the adjunction L 4 R. An obliqgue morphism in L 4 R from
p: P ton: N, written f : Oy gz[p,n], is defined as a pair of mates: a morphism
f> : N[Lp,n] and a morphism f*: P[p, Rn] such that gopﬂ(fb) = ft. I will adopt the

convention of drawing diagrams involving oblique morphisms in two columns, one for
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the V mate and one for the 7 mate. For example, f on its own may be depicted as

b t
Lp%n p%Rn.

It is sometimes convenient to depict an oblique morphism on just one diagram, as

D L n (a coll;  p-diagram (4.2)).

Where the adjunction is obvious I will freely omit it from O. O extends to a functor

PP x N — Set by pre- and post-composition in the respective categories, as

Lp p
Lf\L fl
g g
Lg——n qg —— Rn
lh Rh
m Rm,

with the two sides being mates by naturality of ¢.

The projections b and § have the obvious inverses
b=t = N[Lp,n] — Op,n] and 7' : P[p, Rn] — Ofp,n],
so that we have

8
N[Lp,n] 2 Olp,n] ~ P[p, Rn] natural in p: P°°P and n: V.

We would like to consider a category-like structure obtained from L 4 R which includes

P and N as subcategories, as well as all oblique morphisms.

Definition 4.2. Define the collage category coll; ,r to have:

o Objects those either from 2 or from N, written (®(p) and +®(n) respectively.

The injections % and +® may be elided, particularly in diagrams.

e Morphisms obtained by taking the corresponding morphisms in P, N, or O; 45
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for the three well-defined pairs as follows

coll; z[:®(p),®(q)] £ Plp,dl

coll; \z[t®(n), 2 (m)] © Nn, m]

coll, iz [:®(p), 12 (n)]  O[p, n].

There are no morphisms of the form coll; 5 [:°(n),®(p)].

o Composition is given in either ? or NV by the functors P[-,-], N[:,] or O[]
This works because any morphisms of the form z — +®(p) or (®(n) — y must
be of the form (t®(q) — t®(p) or 1°(n) — °(m) respectively, and hence must lie

fully in 2 or NV rather than being oblique.

Duploids provide a natural way to extend coll;  to include morphisms +®(n) — +®(p)

that are currently absent, in the following way.

Definition 4.3. Observe that any object p : P gives rise to an oblique morphism

p» : O[p, Lp] with components

id
Lp —= Lp D SLEN RLp | (4.4)

and any n : NV to one n® : O[Rn, n] with components

LRn —> n Rn 22 Rn . (4.5)

Taken together, for any object a : coll; p, define the positive projection a® : P, negative
projection a® : N, and cross morphism a® : O[a®, a®] of the object as

n»

o> df | Rn —n if a =.2(n)
(aea — ae) = (4.6)

pP
p— Lp ifa=.%(p).

Definition 4.4. The oblique duploid over an adjunction L 4 R : N — P, written
O[L 4 R] is the duploid given by the following data.

o Objects are the objects of coll; 5.
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e Morphisms are the oblique morphisms between the positive and negative projec-

tions:

OIL 4 Rl[a,b] £ 0;.15[a®,b°] .

o Identities id, are given by the cross morphisms a® (4.6).

o Composition in O[L 4 R] amounts to finding, given morphisms f : O[a®, b°] and
g : O[b®,c®], an oblique morphism f;g : Ofa®,¢®]. That is, some morphism
(f;9) : N[La®,c®] or (f;9)¢ : P[a®, Rc®], given the data

La® a®
fb fﬁ
Lb® —p» — b° b® — i — RL®
X %
c® RcP .

Composition must be such that f = id, = b® or g = id, would be cancelled. This
would be easy if ¥® had an inverse in either NV or P — and it does: either o™ or
bP* is the identity depending on whether b = 12 (b®) (4.4) or b = 12(b°) (4.5). So

f .9
define the composite a — b — ¢ as

b_l

if b = ®(p) (4.7)

and

if b =1%(n). (4.8)

La®
x
Lp _ Lp
X
Ce
a@
\
m
Rc®
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o Shifts are given by

def def
Ja = ®(a®) and fa = 2(a®) on objects

def
force, =a°®

la —a

def
delay =q»
a— la

def
wrap = a®»

a —— fla

def >
unwrap  =a

ta — a.
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5 TODO Related Work
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